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Abstract
In 1968 K. Borsuk asked: Is it true that every finite polyhedron dominates only finitely many
different shapes? In some previous paper we have shown that an answer to this question is
negative. However, using the localization in homotopy theory, we obtain that every simply-connected
polyhedron dominates only finitely many different shapes.  2001 Elsevier Science B.V. All rights
reserved.
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The reader of this note is expected to be familiar with the basic notions of shape theory
(see [4,13]).
By a polyhedron we mean here a finite one. For convenience, each polyhedron and CW-
complex is assumed to be connected. By a CW-complex of finite type we mean, as usual, a
CW-complex with finitely many cells in each dimension.
Recall that in 1979, at the International Topology Conference in Moscow K. Borsuk
defined the capacity of a compactum A, denoted C(A), as the cardinality of the class
consisting of the shapes of all compacta X, for which Sh (X)  Sh (A). He also posed a
question (see [2]): Is the capacity of each polyhedron finite?
In another formulation Borsuk stated this problem in 1968, at the Conference in Herceg-
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In [10] we have shown that the answer to the Borsuk question is negative: there exists
a polyhedron of dimension 2, which homotopy dominates infinitely many polyhedra of
different homotopy types (for another example of this kind, see [11]).
Although the above was rather unexpected, there were known only some special classes
of polyhedra for which the capacity is finite. For example, by the well-known result of
Trybulec [21], this is true for 1-dimensional polyhedra.
In higher dimensions, it was easy to see only for a few simplest spaces as Sn, RPn, CPn
(where n 2) or the n-dimensional torus S1 × · · · × S1
︸ ︷︷ ︸
n
.
It has been also known that all the simply-connected polyhedra with finite homology
groups dominate only finitely many different shapes (see [3]). Moreover, one could show
the same (by the classification theorems of Chang and Whitehead, respectively) for all the
n-connected polyhedra of dimension  n+ 3 (where n 2) and 1-connected polyhedra of
dimension 3 (see [8,9]).
However, for all the simply-connected polyhedra the problem remained unsolved.
Here we show, using the localization in homotopy theory of nilpotent CW-spaces,
that every simply-connected polyhedron dominates only finitely many different shapes.
It should be noted that it is known ([12], see also [14]) that each polyhedron dominates
only a countable number of the different shapes.
We begin with a few definitions and notations which will be needed.
Throughout this paper Z/p denotes the integers modulo p. Z and Q are, as usual, the
integers and the rationals, respectively.
Definition 1. Let P be the primes and P ′ ⊆ P .
(a) The localization of the integers Z at P ′ is the subring ofQ, ZP ′ = {m/n ∈Q, where
m and n are integers and n is not divisible by any p ∈ P ′}.
If P ′ = {p}, then we denote ZP ′ by Z(p). The localization at the empty set, Z(0), is
called the rationalization. (Clearly Z(0) =Q and ZP = Z.)
(b) For any Abelian groupG, we may define the P ′-localization ofG as theZP ′ -module
GP ′ =G⊗ZP ′ .
Definition 2. For a group G we have the so called lower central series of G,
G(0) ⊇G(1) ⊇ · · · ⊇G(i) ⊇G(i+1) ⊇ · · · ,
such that G(0) =G, and G(i+1) = [G,G(i)], for each i  0.
G is said to be nilpotent if G(i) = 1 for i sufficiently large.
The notion of the localization is extended for all the nilpotent groups as follows:
Definition 3. Let P ′ ⊆ P be a subset of primes and let P ′′ be the complementary subset
of primes.
(a) A group G is called P ′-local if x → xn is bijective for each n ∈ P ′′ (i.e., n is a
product of primes belonging to P ′′).
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(b) We say that a homomorphism h :G→ G′ between nilpotent groups P ′-localizes
if G′ is a P ′-local group and h induces an isomomorphism Hom(G′,K) ∼=
Hom(G,K), for each group K which is P ′-local and nilpotent.
It is shown that for each nilpotent group G there exists an unique nilpotent P ′-local
group GP ′ and a P ′-localizing map eP ′ :G→ GP ′ (and Definition 3 is the extension of
Definition 1). For each homomorphism h :G→ H , where G and H are two nilpotent
groups, there exists a unique homomorphism hP ′ :GP ′ → HP ′ such that the following
diagram commutes:
G
h
eP ′
H
eP ′
GP ′
hP ′
HP ′
As above, G(0), the rationalization of G, corresponds to the case where P ′ is the empty
set.
Definition 4. Let P ′ be a subset of primes and P ′′—the complementary subset of primes.
A homomorphism g :G→ K is said to be P ′-injective if kerg consists of P ′′-torsion
elements; and is said to be P ′-surjective if, given any y ∈ K , there exists n ∈ P ′′ such
that yn ∈ img. A homomorphism is a P ′-isomorphism if it is both P ′-injective and P ′-
surjective.
For the localization theory of nilpotent groups, see [7].
Definition 5. A CW-complexX is said to be nilpotent ifX is connected, π1(X) is nilpotent
and, for every integer n > 1, π1(X) acts nilpotently on πn(X).
Recall that an action of a group G on an Abelian group M is nilpotent if there exists a
finite composition series
0⊆M0 ⊆ · · · ⊆Mn =M,
such that G acts trivially on Mn/Mn−1.
For example, all the simple CW-complexes are nilpotent.
Definition 6. Let X be a nilpotent CW-complex.
(a) X is called P ′-local if for every integer n 1, πn(X) is P ′-local.
(b) We say that a map f :X→ Y P ′-localizes if Y is a nilpotent CW-complex which is
P ′-local and f ∗ : [Y,Z] ∼= [X,Z] for all P ′-local nilpotent CW-complexes Z.
Equivalently, one of the following statements holds:
(i) πn(f ) :πn(X)→ πn(Y ) P ′-localizes for all n 1,
(ii) Hn(f ) :Hn(X)→Hn(Y ) P ′-localizes for all n 1.
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As for nilpotent groups, each nilpotent CW-complex X P ′-localizes by some eP ′ :X→
XP ′ . Moreover, for each map f :X→ Y , whereX and Y are two nilpotent CW-complexes,
we have a unique (up to homotopy) map fP ′ :XP ′ → YP ′ such that the following diagram
commutes:
X
f
eP ′
Y
eP ′
XP ′
fP ′ YP ′
Thus we have a functor ( )P ′ on the homotopy category of all the nilpotent CW-
complexes, and if f is a homotopy equivalence then so is fP ′ , for any P ′ ⊆ P .
Definition 7. A map f :X → Y between two nilpotent CW-complexes is said to be a
P ′-equivalence if fP ′ is a homotopy equivalence. If P ′ = {p}, then f is called a p-
equivalence, and, if P ′ is empty, a rational equivalence.
We write X(p) for the localization of X at P ′ = {p}. In particular we have the rationali-
zation X(0) of X (in the case where P ′ is empty).
We say that two nilpotent CW-complexes X and Y are rationally equivalent iff their
rationalizations X(0) and Y(0) are homotopy equivalent.
The following definition is due to Mislin (see [23]):
Definition 8. Let X be a nilpotent CW-complex of finite type. Genus of X, G(X), is the
set of homotopy types of finite type nilpotent CW-complexes Y for which X(p)  Y(p) for
all primes p (including p = 0).
There are some relationships between the category of nilpotent groups and the homotopy
category of simply-connected CW-complexes. For example, the notion of genus for simply-
connected CW-complexes is the homotopical analogue of the same notion defined for
finitely generated nilpotent groups. It was known (it follows from the result of Pickel [15])
that in this second category genus of any object is finite.
In 1974 Roitberg stated the conjecture [17] that the same is true for simply-connected
finite CW-complexes.
In the sequel we will use the result of Wilkerson [23] stating that the Mislin genusG(X)
is finite if X is a simply-connected CW-complex of finite type for which Hn(X;Z) = 0
or πn(X) = 0 for n sufficiently large (according to [1], for simply-connected finite CW-
complexes it was also shown by Sullivan).
Let X  P denote that X is homotopy dominated by P .
We will show the following:
Theorem. The capacity C(P) of a simply-connected polyhedron P is finite.
Proof. By the results of Hastings and Heller from [5,6], for any polyhedron there is a
1–1 correspondence between the shapes of compacta and the homotopy types of CW-
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complexes dominated by this polyhedron. Hence we can examine dominations of a poly-
hedron in the category of CW-complexes and homotopy classes of cellular maps between
them.
Suppose that P is a simply-connected polyhedron and consider all the CW-complexes
X P .
Let dX :P →X and uX :X→ P be the domination of P over X and the converse map,
i.e., dXuX  idX . For each pair X,Y  P , let fXY = dY uX :X→ Y .
By the well-known results of Wall, if X is homotopy dominated by a polyhedron P
with dimP = n  2 and K˜0(Zπ1(X)) = 0 (for the definition of the group K˜0(ZG), see
[22]), then X is homotopy equivalent to a polyhedron of dimension max(n,3) (see [22,
Theorem F, p. 66]). Recall that K˜0(ZG)= 0, for G= 0 (see [22]).
(1) Consider the rationalizations X(0) of X  P . All the X  P can be partitioned into
finitely many classes with the same rational homotopy type, i.e., if X and Y belong to the
same one, then X(0)  Y(0) and, without loss of generality, we may suppose that X and Y
at the same class have isomorphic homology groups in all dimensions.
Indeed, in [16] it was shown that if Z is a simply-connected CW-complex such that the
rational cohomology algebra H ∗(Z,Q) is finitely generated, then there are only finitely
many rational homotopy types of retracts of Z. (It should be noted that this conclusion we
would also obtain from the earlier result of Wilkerson—Theorem 8.7 [23].)
(2) It can be shown that then there exists a cofinite set of primes L such that for every
X,Y  P belonging to the same class there is also X(l)  Y(l), for all the l ∈L.
To see this, we may suppose that for every X and Y as above there exists a rational
equivalence h :X→ Y (see [16, Theorem on p. 295]).
By Theorem 1.16 [7], we have:
If f :X→ Y , where X and Y are simply-connected CW-complexes, then f is a rational
equivalence iff f∗ :Hn(X;Q)→Hn(Y ;Q), for all n ∈N, is an isomorphism.
Therefore Hn(Mh,X;Q)= 0, for each n ∈N, where Mh is the mapping cylinder of the
rational equivalence h :X→ Y .
In the sequel we will use the following [7, Theorem 1.13]:
Let f :X→ Y , where X and Y are simply-connected CW-complexes and let P ′ be a
non-empty family of primes. Then f is a p-equivalence for all p ∈ P ′ iff f∗ :Hn(X;Z)→
Hn(Y ;Z) is a P ′-isomorphism for all n ∈N.
Let L be the set of primes which does not appear in the torsion coefficients of the groups
Hn(X;Z), for all n ∈N.
Then, using the universal coefficient theorem, we obtain that h∗ :Hn(X;Z)→Hn(Y ;Z)
is an L-isomorphism for each n ∈ N (compare [18, footnote 1, pp. 41, 42]). Thus h is an
l-equivalence, hence X(l)  Y(l), for all l ∈L, where L is as above.
(3) Observe that for every integer n and a fixed prime p (p = 0), all the CW-complexes
X  P can be easily partitioned into finitely many classes, such that if X and Y belong
to the same one, then fXY :X → Y induces isomorphisms of the homology groups
Hn(X;Z/p)→Hn(Y ;Z/p).
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Such a partition is determined by the images of the groups Hn(X;Z/p) under the
homomorphisms uX∗ :Hn(X;Z/p) → Hn(P ;Z/p) induced by the uX in the group
Hn(P ;Z/p) which is finite.
Let us use the following fact from [7] (Theorem 1.14):
(4) Let f :X → Y , where X and Y are simply-connected CW-complexes of finite
type and let P ′ be a non-empty family of primes. Then f is a P ′-equivalence iff
f∗ :Hn(X;Z/p)∼=Hn(Y ;Z/p) for p ∈ P ′ is an isomorphism.
We take here P ′ = {p}.
(5) By (1)–(4), all the X  P can be partitioned into finitely many classes such that
if X and Y belong to the same one then, for every prime p (including p = 0), we have
X(p)  Y(p), therefore G(X)=G(Y).
(6) It follows from the result of Wilkerson that for each simply-connected finite CW-
complex X, G(X) is finite (see Theorem C and Corollary 8.6 in [23]).
Hence we obtain that for a simply-connected polyhedron P , there is only finitely
many distinct homotopy types of the CW-complexes dominated by P , and the proof is
finished. ✷
Now it is natural to state the question (and it seems to the author that the answer should
be positive):
Problem 1. Is it true that every finite nilpotent CW-complex dominates only finitely many
different homotopy types?
In [11] we have shown that there exists a polyhedronP with a soluble fundamental group
π1(P ) (even a poly-Z-group) dominating infinitely many different homotopy types. For
polyhedra with nilpotent fundamental group, the answer to the above question is unknown.
Recall that nilpotent groups create a subclass of soluble groups and nilpotent torsion-free
groups create a subclass of poly-Z-groups.
Concerning the proof of the Theorem, let us remark that it was shown (see [19]) that
there exist rationally equivalent, simply-connected finite CW-complexesX and Y such that
there are no maps in either direction inducing a rational equivalence X(0)  Y(0). However
the answer to the following question remains unknown (compare [18]):
Problem 2. (1997, J. Roitberg). Let X and Y be two rationally equivalent, simply-
connected finite CW-complexes such that there are no maps in either direction inducing
a rational equivalence X(0)  Y(0). Can X and Y be chosen in the same Mislin genus?
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